Large nonlinear acoustic waves are discussed in a four-component plasma, made up of two superhot isothermal species, and two species with lower thermal velocities, being, respectively, adiabatic and cold. First a model is considered in which the isothermal species are electrons and ions, while the cooler species are positive and/or negative dust. Using a Sagdeev pseudopotential formalism, large dust-acoustic structures have been studied in a systematic way, to delimit the compositional parameter space in which they can be found, without restrictions on the charges and masses of the dust species and their charge signs. Solitary waves can only occur for nonlinear structure velocities smaller than the adiabatic dust thermal velocity, leading to a novel dust-acoustic-like mode based on the interplay between the two dust species. If the cold and adiabatic dust are oppositely charged, only solitary waves exist, having the polarity of the cold dust, their parameter range being limited by infinite compression of the cold dust. However, when the charges of the cold and adiabatic species have the same sign, solitary structures are limited for increasing Mach numbers successively by infinite cold dust compression, by encountering the adiabatic dust sonic point, and by the occurrence of double layers. The latter have, for smaller Mach numbers, the same polarity as the charged dust, but switch at the high Mach number end to the opposite polarity. Typical Sagdeev pseudopotentials and solitary wave profiles have been presented. Finally, the analysis has nowhere used the assumption that the dust would be much more massive than the ions and hence, one or both dust species can easily be replaced by positive and/or negative ions and the conclusions will apply to that plasma model equally well. This would cover a number of different scenarios, such as, for example, very hot electrons and ions, together with a mix of adiabatic ions and dust ͑of either polarity͒ or a very hot electron-positron mix, together with a two-ion mix or together with adiabatic ions and cold dust ͑both of either charge sign͒, to name but some of the possible plasma compositions.
I. INTRODUCTION
That plasma physics is inherently nonlinear has been shown by observations of electrostatic spikes by experiments onboard satellites, as have laboratory experiments. Such large amplitudes have called for a fully nonlinear description, which has led, in particular for electrostatic solitary waves, to many successful applications of the Sagdeev pseudopotential [1] [2] [3] [4] [5] or of the more recent, equivalent fluiddynamic paradigm. [6] [7] [8] [9] [10] [11] [12] The preferred analysis has been in terms of solitary waves which propagate with unchanging shape; e.g., as localized hump or dip profiles. In a co-moving frame, the nonlinear structures are stationary ‫ץ͑‬ / ‫ץ‬t =0͒ and localized ͑a → a 0 when x → −ϱ͒, if the propagation is onedimensional. Here, x and t refer to ͑one-dimensional͒ space and time, respectively, and a stands for any of the relevant dependent variables.
In recent years, attention has turned to dusty plasmas, where, besides the traditional electrons and ions, one also encounters heavier charged dust grains of different kinds. These mixtures of usual plasmas ͑electrons, ions͒ plus dust grains, charged in plasma and radiative environments, occur in the heliosphere; e.g., in noctilucent clouds ͑in the Earth's polar summer mesosphere͒, in planetary rings ͑as spokes and braids͒, and presumably near comet nuclei and tails. Larger dusty plasmas in molecular interstellar clouds could require also self-gravitation to be taken into account. Other applications range from astrophysics to strongly coupled dusty plasmas and dusty plasma crystals to technology ͑plasma etching and deposition͒. Further details can be found in review papers and monographs devoted to this challenging subject. [13] [14] [15] [16] [17] [18] In view of the space and time scales associated with the charged dust components, vastly different from those related to the usual ions and electrons, the simplest modeling has treated the charged dust as monodisperse, heavy negative ions, in the presence of hotter electrons and ͑positive͒ ions. While in the normal ion-acoustic regime the charged dust can almost be considered as a neutralizing but immobile background, so that the charge imbalance between the electrons and the protons is the main change compared to what happens in normal plasmas, at the lowest end of the frequency spectrum the dust motion has to be taken into account. Here the prime example is the dust-acoustic mode, well studied both in theory 19, 20 and in the laboratory.
The simplest model at this very low frequency end of the spectrum has been to describe the electrons and ions by Boltzmann distributions, and to treat the dust as cold, in view of its great inertia. While this has helped us to obtain a first description of nonlinear dust-acoustic modes, some of these simplifications severely limit the available parameter space for which solitary waves can be found, in a way which is not always immediately transparent. Hence the efforts in the literature to extend the description by trying to include inertial or thermal effects in a more general way, and also to determine the physical reasons behind the limitations in the space of the compositional parameters.
In the commonly used charging model, the dust grains would be essentially charged by the capture of the more mobile electrons, and thus they become negatively charged. Lighter grains, however, might well be charged positively due to, e.g., photoionization, as is assumed to be the case in the outer part of the rings of Saturn. There have also been observations of the coexistence of negative and positive dust in the Earth's magnetosphere, and hence there is a recent interest in dusty plasma models containing both negatively and positively charged dust. [22] [23] [24] [25] [26] However, all these papers either treat both negative and positive dust species as supersonic, viz., as cool measured in terms of the nonlinear structure speed, 27 but deal with the dust-acoustic regime, or else are describing the dust-modified ion-acoustic regime.
The model which we originally had in mind was inspired by a multispecies plasma consisting of four species: hot isothermal electrons and ions, cold, negative, heavy dust grains and adiabatic, positive, lighter dust. For solitary waves where the dust dynamics plays a role, the lighter plasma particles can be assumed to be Boltzmann distributed without great loss of accuracy. The heavy ͑negative͒ dust would then be treated as cold, neglecting its thermal effects ͑pressure͒, while retaining both inertia and pressure for the other ͑posi-tive͒ dust, in an adiabatic description which also aids analytical tractability. We can then address the case where the heavier dust is supersonic, in the fluid-dynamic parlance, 7, 9 whereas the lighter dust is subsonic. This will lead to a novel dust-acoustic-like mode, based on an interplay between the two dust species, which will enable us to describe the hot electrons and plasma ions as superhot, as explained below.
However, when doing the analysis it turned out that we could render the description general enough to deal also with multi-ion plasmas, by replacing one or both of the dust constituents by ions, which are cooler than the isothermal hot ions. The reasons for this adaptability are twofold: On the one hand it was not necessary to make use of the large massto-charge ratios characteristic of dust to simplify the algebra, so that ordinary ionic species could be dealt with, and on the other hand the dust is treated as ͑heavy͒ negative or positive ions with a constant charge; i.e., the effect of dust charging is neglected.
Although the latter description is a simplification, assuming constant grain charge nevertheless remains a good model to bring out the essential characteristics of dusty plasma waves without undue complexity. Dust charging to the ambient plasma potentials is fast on the dust-acoustic timescale, and thus requires instantaneous response from the electrons and ions when dust charges fluctuate. The use of Boltzmann distributions for the hot species is in contradiction with this, since such distributions imply that the ion and electron mass and momentum densities are conserved and inertial effects are ignored. Fluctuating dust charges necessarily cause sink and/or source terms to appear in the electron and ion governing equations so that, methodologically speaking, Boltzmann distributions are only compatible with constant dust charges.
Because we feel that it would detract from the readability of the paper if we had to say, at every step in our exposition, "dust" or, equivalently, "cold or adiabatic ions," we have organized the paper in such a way that we use the dusty plasma terminology in Secs. II-IV, as originally intended. Nevertheless, the analytical exposition is kept general and transcends the dusty plasma model, and we would hope that the reader can keep this in mind.
Sections II deals with the basic formalism and the derivation of the Sagdeev pseudopotential to describe large amplitude solitary waves. In Secs. III and IV we treat dust species with different signs ͑as in the original motivation͒ and with equal signs, respectively, and see that there are substantial differences in the possibilities for the solitary wave polarities.
Rather than producing many plots of Sagdeev pseudopotentials for which the numerics show that solutions can be found, we have endeavored, based on physical arguments, to circumscribe the regions in parameter space where solitary waves can occur. Once these existence regions are obtained and discussed for dusty plasmas, one or both dust species are replaced by more usual ions in Sec. V. Finally, our conclusions are summed up in Sec. VI.
II. FORMALISM AND SAGDEEV PSEUDOPOTENTIALS
We start from a plasma model containing four species that are stationary in an inertial frame: cold dust/ions, adiabatic dust/ions, hot isothermal ions, and hot isothermal electrons. Because there are quite a number of parameters involved, we use for the time being the original physical quantities, and will only at a later stage decide upon a suitable or practical set of nondimensional variables.
A. Plasma densities
In the absence of inertial effects, the electron and ion densities are given by
where n s and T s will refer to the number densities and kinetic temperatures, respectively, of species s, with s = e for the electrons and s = i for the singly charged ͑positive͒ ions. Furthermore, is the electrostatic potential.
The cold dust, with subscript s = c, has a typical density given by
with m c and q c the cold dust mass and charge, respectively, and V the velocity of the solitary wave as seen in an inertial frame. However, we will work in the wave frame, and then V corresponds to the undisturbed plasma velocities far away from the solitary wave. The adiabatic dust density will have contributions coming from both its inertia and its pressure, and we use a fluid description consisting of the continuity equation
and of Euler's equation of one-dimensional motion,
with m a , q a , and p a the adiabatic dust mass, charge, and scalar pressure, respectively, using the subscript s = a. We use the stationary form of the equation of continuity ͑3͒ and obtain a first integral expressing mass flux conservation
For adiabatic pressure-density relations p a ϰ n a 3 ϰ v a −3 , where the latter proportionality holds in view of Eq. ͑5͒. After integration, the stationary form of Eq. ͑4͒ becomes a biquadratic equation in v a ͑or in n a , depending on which point of view one wishes to take͒,
Using Eq. ͑5͒ to rewrite this in terms of densities yields
Here a "Mach number" M a and thermal velocity c ta are defined by
In principle, one can normalize parameters and variables in various ways, but in the superhot approximation, introduced further on, c ta is the only ͑constant͒ velocity scale playing an explicit role, and hence we have used it as the yardstick for all velocities, rather than the dust-acoustic velocity which changes whenever the relative dust densities change. The present choice has the advantage of not introducing hidden changes in the discussion we give later on. The general solution of Eq. ͑7͒ in terms of n a 2 is n a 2 = n a0
͑9͒
where the ϩ sign has to be used for a subsonic species ͑M a Ͻ 1͒ and the Ϫ sign for a supersonic one ͑M a Ͼ 1͒, in order that for = 0, the correct limit n a0 is obtained. This reasoning is based on the fact that ͱ ͑1−M a
The same sign convention has been used in the remainder of this section; namely, the upper sign refers to subsonic species ͑M a Ͻ 1͒ and the lower sign to supersonic ones ͑M a Ͼ 1͒.
Following the ideas of Ghosh et al., 28 we look for solutions n a in the form
͑10͒
Substitution of Eq. ͑10͒ into Eq. ͑9͒ with the same sign convention allows us to determine a and b, and to express the densities as
͑11͒
Again, the Ϯ signs refer to subsonic/supersonic species. The advantage of expressing the density in this way is that it allows for a straightforward integration, needed in what follows.
As an aside, if the adiabatic dust behavior, as reflected by the left hand side of Eq. ͑6͒, were only governed by pressure, we would put M a = 0 in Eq. ͑7͒ and obtain
Since the neglect of inertial effects means that the adiabatic dust is subsonic and warm, this expression for the density can also be obtained by using the upper sign in front of the second square root in Eq. ͑11͒ and setting M a = 0. However, in what follows we will consider the full adiabatic expressions ͑11͒.
B. Sagdeev pseudopotentials
Having thus obtained all constituent densities, we introduce their coupling in Poisson's equation,
After multiplication by d / dx and integration, one gets
This result looks like an energy integral in classical mechanics for a particle with unit mass in a conservative force field, with in the role of the particle coordinate and x in the role of time. The potential energy is then S͑͒, called the Sagdeev potential or pseudopotential.
Using expressions ͑1͒, ͑2͒, and ͑11͒ we compute the explicit form of the Sagdeev pseudopotential:
͑15͒
Now is the time to introduce dimensionless variables, normalized with respect to the characteristics of the adiabatic species. To begin with, the electrostatic potential is = ͉q a ͉ / m a c ta 2 . For the charges, we will separate the sign from the magnitude, so that q c = c ͉q c ͉ and q a = a ͉q a ͉, with c and a equal to Ϯ1. We also need = m a ͉q c ͉ / m c ͉q a ͉, which is the normalized charge-to-mass ratio of the cold dust. For the temperatures of the two Boltzmann species we use e = em a c ta 2 / T e ͉q a ͉ and i = em a c ta 2 / T i ͉q a ͉. Finally, there are the dimensionless ͑charge͒ densities of the cold dust, f = n c0 ͉q c ͉ / n a0 ͉q a ͉, and the ions, g = en i0 / n a0 ͉q a ͉, so that for the electrons we obtain en e0 / n a0 ͉q a ͉ = g + a + c f. For brevity, we will omit the subscript a on M a and write simply M. We have chosen to normalize with respect to the adiabatic dust, and hence have implicitly assumed that its ͑undisturbed͒ density is never zero; i.e., the adiabatic dust ͑or its ion equivalent͒ is always present.
In this way, S͑͒ is recast in dimensionless form as
͑16͒
If need be, the dimensionless space coordinate is = pa x / c ta , where the adiabatic dust plasma frequency pa is defined through pa 2 = n a0 q a 2 / 0 m a . Since the Sagdeev pseudopotentials already have S͑0͒ = 0 and ͑dS / d͒͑0͒ = 0, the "origin" must be unstable for a solitary solution to ͑14͒ to exist, the condition for which is, in general,
often called the soliton condition. We recall that the M values determined from ͑d 2 S / d 2 ͒͑0͒ = 0 are precisely the Mach numbers corresponding to the global acoustic velocities for the model envisaged. Hence, there are in this model two acoustic Mach numbers, the expressions for which can be approximated by
In the first regime the adiabatic dust is supersonic ͑cool͒; in the second subsonic ͑warm͒.
Last but not least, we will approximate the electrons and ions as superhot, meaning that the limits e → 0 and i → 0 are taken. This assumption results in a linearization of the electron and ion contributions in S͑͒, giving from ͑16͒ that
Interestingly, this expression does not explicitly contain the ion density ͑g͒, and the value of g is thus arbitrary, subject to any requirements that may be imposed by the charge equilibrium conditions and by the necessity of having nonnegative densities of the three other components. In particular, we may thus apply this formalism to a three-component system in which there are no hot ions, i.e., electrons and two dust species, one cold and one adiabatic, and of which at least one must be positively charged.
In the superhot approximation, the high acoustic regime of Eq. ͑18͒ disappears out of reach towards infinity, and in the low acoustic regime, Eq. ͑18͒ gives
When multiplied by c ta 2 , this definition of M s 2 yields the square of the dust-acoustic velocity, and thus the inequality M 2 Ͼ M s 2 expresses the condition that the solitary waves be super-acoustic with respect to the true dust-acoustic velocity in the plasma model.
In this low acoustic range the adiabatic dust is subsonic ͑M Ͻ 1͒ and warm, and hence in all relevant expressions the upper signs have to be retained and the lower ones discarded. When needed, we can invert Eq. ͑20͒ and write
Inspection of Eq. ͑19͒ indicates already some limitations on the existence range for . On the one hand, the cold dust ͓see expression ͑2͔͒ becomes infinitely compressed, which occurs for
On the other hand, the adiabatic dust density ͓see expression ͑11͔͒ ceases to be real beyond Thus, in order to have solitary waves limited by infinite dust compression, we will need S͑ lc ͒ Ͼ 0 and S͑ la ͒ Ͼ 0. Seeing that Eq. ͑20͒ gives a minimum Mach number M s , the equalities S͑ lc ͒ = 0 and S͑ la ͒ = 0 will give the maximum allowable Mach numbers, but we have to specify the model further to see whether these limitations occur on the same or on opposite sides for the potentials.
In addition, the model limit M Ͻ 1 may not be breached. Moreover, we are working in a fluid description and therefore need to have negligible Landau damping, which means avoiding the thermal speeds of all species. In our case, this implies that M should not be too close to 1, and we could use M Շ 0.8 as an indicative guideline, leading consequently to f Շ 1.75. These restrictions have to be kept in mind when interpreting some of the existence ranges illustrated in the figures in Secs. III and IV.
III. OPPOSITELY CHARGED COLD AND ADIABATIC DUST COMPONENTS
We now start the discussion of the main model we have in mind, viz. negative cold and positive warm dust. As we shall see, however, the discussion that follows applies equally well to the "reverse case"; i.e., positive cold and negative warm dust. So as to remain general, we shall simply choose a =− c . Hence, lc will limit the potential range on the negative or the positive side, depending on the sign of c , and la will limit the potential range on the opposite side. Furthermore, the value of is arbitrary; i.e., the analysis is not restricted by the choice of the ratio of the charge-to-mass ratios of the two species.
A. Solitary waves limited by infinite cold dust compression
In principle, we have to solve S͑ lc ͒ = 0 for the maximum Mach numbers as a function of f, but in view of the intricacy of the intervening expressions, we will do this the other way around and solve for the cold dust cutoff values of f as a function of M. This yields
͑24͒
This limiting expression is independent of c and is thus independent of the sign of the cold dust charge. The only thing which changes with c is the polarity of the solitary waves ͓see Eq. ͑22͔͒. We can then plot, for any given value of , a pair of curves representing the range ͓upper/lower bounds given by Eqs. ͑20͒ and ͑24͒, respectively͔ of permitted Mach numbers. We represent three such pairs of curves in Fig. 1 , for values of equal to 0.1, 1, and 10. These are merely representative of plasma models where the cold dust charge-to-mass ratio is smaller than, equal to, or larger than that of the adiabatic dust, in terms of dust species, as is done in Secs. III and IV. Other values could equally well have been chosen, but values of much larger or much smaller would squeeze parts of the plot too much, if shown together in one figure. The choice that we have made clearly indicates what happens if increases from smaller to larger, and there are no technical difficulties at all in working with other values for .
In each pair of curves, drawn for a given charge-to-mass ratio, the lower one expresses the minimum ͑soliton͒ condition, f s or M s , the upper one the occurrence of infinite cold dust compression f c , the latter for M Ͻ 1. The gray dotdashed line indicates the subsonic limit condition M = 1. For a given f the admissible M lie between the upper and the lower curves. It is seen that the changeover from the infinite cold dust compression limit to M = 1 occurs ͑a͒ for = 0.1 at f = 1.53, ͑b͒ for =1 at f = 0.39, and ͑c͒ for =10 at f = 0.11. As increases, this changeover is encountered for smaller f, but there are no obvious other restrictions on the existence of solitary waves, the polarity of which is determined by the sign of the cold dust charge. 
B. Solitary waves limited by adiabatic dust density
For solitary waves of the opposite polarity, we have to solve S͑ la ͒ = 0, and will follow an analogous procedure, which gives f as a function of M. The expressions are now somewhat more complicated, and we start from
with A and B defined as
The behavior of A is such that A =1/ 2 for M = 0 and A = 0 for M → 1, and one can easily show numerically, that for a range of from 10 −4 to 10 4 , A decreases monotonically with M. The other part shows that B =−1/ 6 for M = 0 and B = 0 for M → 1, and B can be proven to be monotonically increasing with M. Hence, we get that
starts from 1 / 3 at M = 0 and goes to +ϱ for M → 1, if the 0 / 0 expression is worked out correctly. We note already that for f =1/ 3 the solitary wave condition ͑20͒ yields M s = / ͑3+͒ Ͼ 0. Hence, for this value of f the minimum value for M, namely, M s , lies above the maximum value M = 0. This is already a first indication that there will be no solitary waves having a polarity opposite to the one studied in the preceding subsection. This is borne out by several typical graphs, shown in Fig. 2 . The curves emanating from the origin, ͕f =0,M=0͖, are the solitary wave conditions f s ͓cf. Eq. ͑21͔͒, and can be recognized as such from the corresponding curves in Fig. 1 . These should be the "lower" curves. On the other hand, the curves emanating from the point ͕f =1/ 3,M=0͖ represent the condition that the adiabatic dust density is no longer real, and these should be the "upper" curves, lying above the lower curves, if a proper range in M is to be available. Clearly, this is not obeyed, so that there can be no solitary waves with the opposite polarity.
That this is indeed the case and only solitary waves of the same polarity as the cold dust can exist, is shown by the graphs of typical Sagdeev pseudopotentials in Fig. 3 . We have chosen c = −1 to generate these graphs, but the corresponding ones for c = + 1 are obtained by just inverting the orientation of the axis. In principle the graphs are drawn from lc to la , but for reasons of graphical clarity the range of S͑͒ Ͼ 0 has been cut off at 0.1, except for the dotted curve, the end of which lies on the axis. For larger M there are no more solutions, as indicated already in Fig. 1 . It is obvious from the discussion given in the previous subsection and the resulting limiting curves that many figures such as Fig. 3 can be generated for other values of the compositional parameters f and , and for suitable M, as determined from Fig. 1 .
Finally, in order to explain in Fig. 2 the curved behavior of the graphs originating in ͕f =1/ 3,M=0͖, we note from Eq. ͑27͒ that
and see that the slope changes from positive ͑for small enough ͒ to negative ͑for larger ͒ at =1/ 4. Nevertheless, one can prove that these curves always stays below the f s curves, although both tend to M = 1 for f → + ϱ. This is done by examining the ratio Fig. 1͒ . These should be the "lowerЉ curves. On the other hand, the curves emanating from ͕f =1/ 3, M =0͖ represent the condition that the adiabatic dust density is no longer real, and these should be the "upper" curves, lying above the lower curves if a proper range in M is to be available. This is clearly not obeyed, so that there can be no solitary waves with an opposite polarity. The parameter distinguishing the pairs of curves is ͑a͒ = 0.1 ͑-͒, ͑b͒ =1 ͑---͒, and ͑c͒ =10 ͑¯͒, respectively. 
͑29͒
As the curves are drawn in Fig. 2 , a line drawn parallel to the f axis, for a certain value of M, would first encounter the curve coming from f s and later the curve representing f a , and hence these curves never cross, provided r Ͼ 1. This is indeed the case for all Ͼ 0, since r → + ϱ for M = 0 and r =4/ 3 when M → 1. In between, the curve of r shows a minimum lower than 4 / 3 but above 1.2. This has been checked numerically for a wide range of possible , and the minimum moves towards the high f side as becomes larger.
IV. COLD AND ADIABATIC DUST CHARGES OF THE SAME SIGN
We next turn to the case in which both dust species have the same charge sign, so that now a = c , but we make no assumption about the sign of c . The picture is somewhat different from the earlier discussion in Sec. III. The expression for lc is unchanged from Eq. ͑22͒, but la changes from Eq. ͑23͒ to
Now both limits are on the same side and require a subtler discussion as to their relative positions. The crossover from one limit to the other occurs for
so that for 0 Ͻ M Ͻ M co the infinite cold dust compression is the limiting factor, whereas for M co Ͻ M the adiabatic dust density limitation takes over. It is well known from Sagdeev potential calculations that double layers may represent limiting values for a region in parameter space in which solitary waves may occur. 3 Thus, a third possible limitation on the solitary wave amplitude arises from the existence of a double layer, as a limiting case of a set of solitary waves, before one of the sonic points is reached. A double layer is characterized by the coincidence of a zero of the Sagdeev pseudopotential with a zero of its derivative; i.e., with a charge neutral point. This will be investigated in a later subsection dealing with double layers.
For solitary wave potentials with polarity opposite to that associated with lc and la , we see no obvious physical limitation on . By opposite polarity, we mean Ͼ 0 for c = a = −1 and Ͻ 0 for c = a = 1. However, we note that for this case S͑͒ is mathematically well behaved for all and that S͑͒ → −ϱ for ͉͉ → ϱ, as ultimately the terms in −͉͉ 3/2 dominate. Combining this information with the required convexity at the origin ͓Eq. ͑17͔͒ means that roots for S͑͒, if they exist on this side at all, must come in pairs, counting possible double roots as two. From the generic behavior we know that a range of possible solitary waves ends when a double layer is encountered. 3 Again, Eq. ͑20͒ implies the conclusion that the adiabatic dust is subsonic.
A. Solitary waves limited by dust density considerations
Starting now from Eq. ͑19͒ with a = c , we solve the two limiting situations S͑ lc ͒ = 0 and S͑ la ͒ = 0 for f as functions of M, and get
respectively. Comparing Eqs. ͑32͒ and ͑33͒ to Eqs. ͑24͒ and ͑27͒, respectively, we note that there are some sign changes, which look slight but will turn out to be significant. We see that f c , defined by Eq. ͑32͒, only exists for M small enough, so that 0 Ͻ M ഛ M co and indeed, ͉ lc ͉ Ͻ ͉ la ͉. On the other hand, f a , defined by Eq. ͑33͒, is only meaningful for M co ഛ M, and now ͉ la ͉ Ͻ ͉ lc ͉. For M = M co both Eqs. ͑32͒ and ͑33͒ give the same value,
͑34͒
The changeover between cold and adiabatic limits corresponds in ͕f ,M͖ space ͑a͒ to ͕0.19,0.24͖ for = 0.1, ͑b͒ to ͕0.11,0.50͖ for = 1, and ͑c͒ to ͕0.04,0.76͖ for = 10. Hence, for 0 Ͻ M ഛ M co , we follow the curve given by f c , representing the limit where the cold dust density becomes infinite. For M co ഛ M, we follow the curve given by f a , expressing the fact that the adiabatic dust density ceases to be real, until we hit the point where the double layers come in as the limiting factor of the solitary wave amplitudes. As discussed in the next subsection, this occurs ͑a͒ at ͕0.66,0.28͖ for = 0.1, ͑b͒ at ͕0.32,0.55͖ for = 1, and ͑c͒ at ͕0.12,0.79͖ for = 10.
B. Solitary waves limited by double layers
The possible occurrence of double layers signals the end of the Mach number range for solitary waves of a given polarity. Hence the double layer conditions, written in compact form as
have been considered for given f and . When there is a solution to this problem, one finds the double layer amplitude ͉ m ͉ and corresponding M. For larger M, no roots for S͑͒ are possible on the side considered. This exercise can then be repeated for variable f at fixed , in order to generate curves that mimic those found on the side for which the dust density restrictions influence the solitary wave existence domains.
To keep the discussions simple, we will focus in the remainder of this section on the case of two negative dust species, that is c = a = −1, and investigate whether solitary structures can exist for the typical ratios = 0.1, 1, and 10, as used for the other subsections. With c = a = + 1, the polarity of the solitary waves and double layers changes, but the existence domains in ͕f ,M͖ space at given remain the same.
As we will see, there is a transition from negative to positive double layers. To determine where that will happen, we Taylor expand for weakly nonlinear solitary waves S͑͒ around the initial condition = 0, which gives
͑36͒
The coefficient of 2 is annulled for M = M s , defined in Eq. ͑20͒. In order to obtain a solution, both terms in the expansion must contribute equally, and hence we take M = M s + ␦, with ␦ of the order of . This leads to
͑37͒
For small f, both coefficients are negative and hence we will have negative potential solitary waves, whereas for larger f the coefficient of the cubic term turns positive; hence, positive solitary waves are encountered. The change from negative to positive solitary waves occurs at the positive root f np of 4f 2 + f −3=0,
As can clearly be seen from Fig. 4 , the changeover point lies in C, where the upper and lower curves touch; hence, M np 2 is determined by inserting f np in Eq. ͑20͒, giving
.
͑39͒
This corresponds ͑a͒ to ͕1.76,0.39͖ for = 0.1, ͑b͒ to ͕0.75,0.66͖ for = 1, and ͑c͒ to ͕0.26,0.85͖ for = 10.
C. Summary
To recapitulate, in this section we have considered two species of negative dust with possibly different charge-tomass ratios, one being cold, the other adiabatic. On the negative potential side the solitary waves are limited successively, for increasing f, by infinite cold dust compression, by the adiabatic dust sonic point, and by the occurrence of negative double layers, in that order, until the polarity changes at f np . On the positive side, the upper limiting curves consist of two parts, for M Ͻ 1 the occurrence of positive double layers limits the solitary wave existence domain, until the model limitation M = 1 is encountered ͑a͒ for = 0.1 at f = 8.64, ͑b͒ for =1 at f = 2.19, and ͑c͒ for =10 at f = 0.60. All these results are shown in Fig. 4 . Similarly as was noted from Fig. 1 , there are no upper limitations on f here.
It is of interest also to know how the maximum solitary wave and double layer amplitudes vary over this parameter space. As an indicative illustration we show in Fig. 5 becomes more and more negative until the point A is reached, where the infinite cold dust compression gives way to the adiabatic dust sonic point limitation. From there on, the amplitudes diminish in absolute value, also when the occurrence of negative double layers takes over at B, until at C we cross from negative to positive double layers. The amplitudes now increase until at D the model restriction M = 1 comes into play. Thereafter, the maximal amplitudes decrease to zero for f → ϱ. This is illustrated in In order not to overload the paper, these have been omitted. Further, to check that these limitations are real, we construct typical Sagdeev pseudopotentials, shown in Fig. 6 . This figure shows the extreme sensitivity of the double layer criteria, as well as the increase in solitary wave amplitude with M ͑"taller is faster," as known from standard Korteweg-de Vries analysis of moderately nonlinear structures, although, as shown in Fig. 7 , not "thinnerЉ͒, until the largest structure is found in the double layer, at given f and . Countless similar graphs to the ones presented in Fig. 7 can be produced.
We note that when we first started discussing the forming of double layers, we explicitly chose to deal with two negative dust species. However, had we instead chosen the signs of the dust charges to be positive, c = a = +1, we would have found identical ͕f ,M͖ curves, the only difference being the polarity of the solitary structures.
Finally, we have to point out that for c = a = −1 the plasma contains three negative species, and the only positive species is the ͑Boltzmann͒ ions, which are superhot; viz., subsonic and inertialess. Nevertheless, we have seen that positive potential solitary structures can be generated in appropriate and acceptable parameter ranges. Similarly, for c = a = + 1 the plasma contains three positive species, and the only negative species is the superhot electrons, and yet, negative potential solitary structures can be generated.
This leaves us with the open question of what precisely determines the polarity of the nonlinear waves, and whether this can be figured out or guessed if the composition of the plasma model is given, before doing all the mathematics. From the treatment of many, maybe simpler cases one could be tempted to conclude that one of the cooler, inertial species is driven towards its sonic point and hence the sign of that species fixes the polarity of the nonlinear structures. There are now already several examples where this "rule" has been violated, and so this simple explanation is in general inadequate.
V. MULTI-ION PLASMAS
An important feature of this general analysis is that nowhere have we used the assumption that the dust would be much more massive than the ions. The only mass ratio occurring is = m a ͉ q c ͉ / m c ͉ q a ͉, and we have taken examples with Ͻ 1 as well as with =1 or Ͼ 1. Hence, we can easily replace one or both dust species by positive and/or negative ions and our conclusions will apply to that plasma model equally well. Furthermore, we noted in Sec. II that the expression for the Sagdeev potential ͑19͒ does not contain the ion density explicitly, and thus this work can be applied to the case in which the hot ion density vanishes. Bearing this in mind, we see that the study could be applied equally well to a number of different scenarios; e.g., ͑a͒ very hot electrons and ions, together with a mix of adiabatic ions and dust ͑of either polarity͒, ͑b͒ a very hot electron-positron mix, together with a two-ion mix of either the same or opposite charges, ͑c͒ very hot electrons and a two-ion mix ͑one or both positive͒, or ͑d͒ a very hot electron-positron mix, together with adiabatic ions and cold dust ͑both of either charge sign͒.
Previously, 12 we considered a two-ion dusty plasma, composed of superhot electrons, warm and cool ions of the same type ͑i.e., equivalent to = 1 in our Sec. IV͒, and supermassive negative dust. It was shown that in both the superhot and the supermassive approximation, the relevant contribution to the Sagdeev potential could be linearized, and thus they make the same effective contribution. Hence, we see that there are similarities between the earlier work and the present calculation, our superhot ions and electrons replacing the supermassive dust and the superhot electrons.
Further, we found what we termed ion acoustic-like solitary waves, 12 in which the important partners were not the ions and electrons, as is the case for the usual ion acoustic soliton, but the two ion species, and the relevant phase velocity lay between the two ion thermal speeds. We are here again dealing with a phase speed that lies between that of the adiabatic and the cold component and the results of Sec. IV ͑for instance, Fig. 4͒ , are reminiscent of, but more general than our earlier work. 12 Moreover, a related scenario was discussed in another earlier work, 29 in which electron acoustic solitary waves were considered in a plasma involving immobile ions, cool inertial electrons, and hot electrons whose inertia was not neglected, as is usually the case. Again, the results may be seen to be similar to a three-component model based on that of the type discussed in Sec. IV, with the superhot ions neglected, the superhot electrons replaced by very massive ions, and the two electron species being modelled in a manner similar to our adiabatic and cold components in Sec. IV. The previous results, 29 like those found here, showed the maximum Mach number being successively limited by two limiting potentials, followed by double layers, a change of sign of the double layers, and then the restriction imposed by the model, much as we have seen here in Fig. 4 .
VI. CONCLUSIONS
We have investigated large nonlinear acoustic waves in a dusty plasma consisting of both cold and adiabatic negative/ positive dust, in the presence of superhot isothermal electrons and ions, using a Sagdeev pseudopotential formalism where nonlinear structures are stationary in a co-moving frame. We have delimited the compositional parameter space where large dust-acoustic structures can be found, without restrictions on the charges and masses of the dust species and their charge signs. It was found that in this model the adiabatic dust needs to be subsonic, leading to a novel dustacoustic-like mode based on the interplay between the two dust species.
Looking first at oppositely charged cold and adiabatic dust constituents, we find that only solitary waves can exist. These have the polarity of the cold dust, regardless of whether this is negative or positive, and their parameter range is limited by infinite compression of the cold dust. Including adiabatic dust inertia and pressure just modifies the existence regime quantitatively, not qualitatively, compared to earlier studies.
However, when the cold and adiabatic dust charges have the same sign, solitary structures are limited for increasing Mach numbers successively by infinite cold dust compression, by encountering the adiabatic dust sonic point and by the occurrence of double layers. These double layers have, for smaller Mach numbers, the same polarity as the charged dust, but switch at the high Mach number end to the opposite polarity. Typical Sagdeev pseudopotentials and solitary wave profiles have been presented.
Finally, the analysis has nowhere used the assumption that the dust would be much more massive than the ions, so that one or both dust species can easily be replaced by positive and/or negative ions and the conclusions will apply to that plasma model equally well. We have briefly mentioned some of these different scenarios, e.g., very hot electrons and ions, together with a mix of adiabatic ions and dust ͑of either polarity͒ or a very hot electron-positron mix, together with a two-ion mix or together with adiabatic ions and cold dust ͑both of either charge sign͒, to name a few of the possible plasma compositions, which illustrate the versatility of our approach.
